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ABSTRACT
In the field of sensing, a typically unavoidable nuisance is the inherent bias of a sensor due to imperfections
in timing, calibration, and other sources. The errors incurred by the bias ripple through higher-level processes
such as tracking and sensor fusion, causing varying effects to each operation. In many different applications,
such as track-to-track correlation, the overall effect of the biases on state estimation is modeled as a constant,
translational shift in the position dimension of the track states. This assumption can be appropriate when the
required precision of the track states is not stringent. However, in general, sensor bias can not only affect position
estimates but also positional derivatives, i.e., velocity, acceleration, in a manner that can change dramatically
depending on sensor-target geometry; for situations where high state estimation accuracy is required, these
consequences become apparent and need to be handled.

The contribution from measurement bias to state estimation error depends on many different aspects, e.g.,
measurement uncertainty, dynamic model uncertainty, sensor-target geometry. The focus of this work is the
quantification of the relative significance of measurement error and measurement bias in the resultant state
estimation error. In short, using the results in this work, it is straightforward to: (i) determine regimes where
measurement bias becomes a predominant factor, (ii) bound the impact of the sensor bias on the outputted
tracking information, (iii) analyze the dependence of the tracking error on sensor-target geometry, all of which
can be of great impact when designing a tracking system architecture.
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1. INTRODUCTION
The error of a state estimator contains contributions from many different mechanisms, e.g., measurement noise,
measurement bias, modeling mismatch, and sensor-target geometry. The relative importance of these error
sources can vary dramatically from one application to another. For instance, in circumstances with low signal-
to-noise ratio, errors may be dominated by measurement noise with relatively negligible impact from measurement
bias or model. To address this disparity, a candidate state estimator may require tailoring by adding or removing
nuisance parameters to the state to achieve a desired level of precision and accuracy. Thus, it is of primary interest
to quantify the relative significance of the constituent factors to state estimation error. The main sources of error
considered in this work are process noise, measurement noise, and measurement bias. The objective is to analyze
the relative contribution of measurement bias to resultant state estimation error and, subsequently, determine
when it is necessary to account for measurement bias during state estimation.

Multisensor, multitarget tracking is a practical application for which error analysis is of particular interest, as
successfully combining tracking data from a network of sensors hinges on the ability to characterize the errors of
each sensor. More specifically, multisensor tracking architectures at a fusion node are commonly constructed by
combining the outputs of a set of bias-naïve (i.e., do not account for measurement bias) multitarget trackers. Upon
receiving track states from each sensor, the fusion node does consider the effects of measurement bias for each
sensor by assuming that the track states from each sensor are shifted in position by a fixed amount that is different
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from sensor to sensor; this assumption is crucial in many track-to-track association1–6 algorithms. After track-
to-track association is completed, the estimates from each sensor are fused and outputted. If the assumption that
all track states are a constant translational shift from the truth is violated, track-to-track correlation may have
issues and/or the fused track states might be inconsistent; thus, it is imperative to understand how measurement
bias affects positional derivative (i.e., velocity, acceleration) state estimates.

The effects of measurement bias on state estimation error have been studied in varying degrees across a
collection of other works. An initial discussion of measurement bias in state estimation was raised in the context
of performance analysis7,8 for suboptimal, reduced order filters. Bias-naïve estimation can be seen as an instance
of reduced order filtering in which the filter state has fewer dimensions than the true dynamic state. Further, the
implications of measurement and dynamic model mismatch on the estimation error covariance were considered as
part of sensitivity analysis9,10 for optimal linear filtering and smoothing. These analyses produced expressions
for the error covariance as functions of the difference between the true and assumed models. Likewise, error
covariance analysis11,12 in the presence of measurement biases was performed, illustrating the evolution of state
estimation error covariance from measurement to measurement. In this work, a narrower scope is assumed than
previous related treatments. This allows for discussion of both linear and non-linear systems, deterministic and
stochastic biases, and simpler alternative derivations for estimation error moments. Additionally, a measure of
significance of the measurement bias on the eventual estimation error is defined and illustrated.

The paper is organized using the following structure. Section 2 provides the mathematical background for
a bias-naïve state estimation technique, the definitions of the error statistics of interest, and their subsequent
expressions in the context of linear systems. Building upon these results, Section 3 extends the error statistic
expressions to the class of nonlinear systems using suboptimal filtering and linearization techniques. To measure
the impact of bias on the estimation error, a bias significance measure is introduced in Section 4. Finally, a
summary of the work and results is presented in Section 5.

2. BIAS-NAÏVE STATE ESTIMATION FOR LINEAR SYSTEMS
To understand the consequences of measurement bias on the output of state estimation, one can analyze the
error statistics of an estimator that assumes there is no measurement bias but, in reality, only has access to
biased measurements. To begin, consider a sensor observing a target whose dynamics can be described using the
time-varying state, xk, where k = 1, 2, . . . is a discrete time index. The sensor takes measurements of the target
state at time instances, tk, such that the measurement at time tk can be written as

zk = Hkxk +Gkbk +wk, (1)

where Hk is a known measurement matrix, Gk is a known mapping from bias space to measurement space, bk is
a time-varying measurement bias, and wk is additive measurement noise that is distributed as wk ∼ N (000,Rk).
Accordingly, the target state evolves according to a discrete-time dynamic model given by

xk = ΦΦΦk,k−1xk−1 + vk, (2)

where ΦΦΦk,k−1 is the state transition matrix from time tk−1 to time tk, and vk is additive process noise distributed
as vk ∼ N (000,Qk). The distribution of the initial state, x0, is Gaussian and known. Both the measurement noise,
wk, and process noise, vk, are independent from time instance to time instance and of each other. Presently, no
assumptions are made on the form of the measurement bias, bk.

To form the bias-naïve estimator, it is assumed that the bias term in (1) vanishes, i.e., Gkbk = 000. Then, the
system described in (1) and (2) is linear with Gaussian noise inputs. With this setup, the optimal minimum-mean-
square-error estimator is the Kalman filter13 in which the state estimate, x̂k |k, and state estimate covariance,
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Pk |k, evolve according to the following:

x̂k |k−1 = ΦΦΦk,k−1x̂k−1 |k−1, (3a)
Pk |k−1 = ΦΦΦk,k−1Pk−1 |k−1ΦΦΦ

T
k,k−1 +Qk, (3b)

x̂k |k = x̂k |k−1 +Kk

(
zk −Hkx̂k |k−1

)
, (3c)

Pk |k = (I−KkHk)Pk |k−1, (3d)

Kk = Pk |k−1H
T
k

(
HkPk |k−1H

T
k +Rk

)−1
. (3e)

Because of the strict linear structure of the system in (1)-(2), the errors of the estimator in (3) will be a linear
function of the bias. In the rest of this section, the linear projection of the bias history into the error mean and
its subsequent effect on the covariance is derived.

Before continuing, it is now pertinent to introduce the two error moments that are to be studied. More
specifically, the primary concern is the effect that the measurement bias, bk, plays in the mean and covariance
of the estimation error; these are defined respectively as

mk , E[x̂k |k − xk], (4)

Ck , E
[(
x̂k |k − xk −mk

) (
x̂k |k − xk −mk

)T ]
. (5)

Note that the behavior of these quantities will change depending on linearity of the system, sensor-target geom-
etry, time variation of the measurement bias, and other factors. Because of this, multiple circumstances will be
considered. Initially, the measurement bias is assumed to be an unknown, deterministic value, and estimation
error for linear systems are considered.

2.1 Unknown, Deterministic Bias
To begin, it is of interest to investigate the estimation error statistics for an unknown, deterministic measurement
bias. This provides insight into the consequences on estimation as a function of an unknown measurement bias
trajectory. This is important to understand as the performance of the estimator can differ appreciably even
within small variations of measurement bias trajectories. The following theorem provides the estimation error
statistics that explicitly rely on the measurement bias.

Theorem 1. The estimation error mean and covariance with an unknown, deterministic bias, bk, can be written
for a linear system as

mk =

k∑
i=1

ΛΛΛk
iKiGibi, (6)

Ck = Pk |k, (7)

where

ΛΛΛk
i =


k∏

j=i+1

(I−KjHj)ΦΦΦj,j−1, i < k

I, i = k.

Additionally, the mean and covariance obey the following recursive relations:

mk = (I−KkHk)ΦΦΦk,k−1mk−1 +KkGkbk,

Ck = (I−KkHk)
(
ΦΦΦk,k−1Ck−1ΦΦΦ

T
k,k−1 +Qk

)
.

The proof of Theorem 1 is given in Appendix A.
It is important to note that the mean of the state estimation error in (6) is now dependent on the measurement

bias; in fact, the expression in (6) can be viewed as a weighted projection of the measurement bias history into

Proc. of SPIE Vol. 10646  106461K-3



the space of target dynamics. It is also of value to point out that the recursive relationships for the error mean
and covariance posed in Theorem 1 agree with expressions in previously published9 results.

A case of particular interest is a constant bias, which is a common assumption in many bias estimation and
track-to-track correlation algorithms. This is a popular assumption as it simplifies system model definition, and,
commonly, measurement biases vary extremely slowly in comparison to the rate of observation. To address a
constant bias, the following corollary gives the error statistics for a bias that remains the same over the duration
of target observation.

Corollary 1. For a constant bias, i.e., bk = b, the estimation error mean and covariance given in Theorem 1
can be simplified as

mk = Skb,

Ck = Pk |k, (8)

where

Sk =
k∑

i=1

ΛΛΛk
iKiGi, (9)

Further, the matrices Sk satisfy the following:

Sk = (I−KkHk)ΦΦΦk,k−1Sk−1 +Kk.

Proof. In the case of a constant bias, the mean can be simplified as

mk =
k∑

i=1

ΛΛΛk
iKiGibi,

=

(
k∑

i=1

ΛΛΛk
iKiGi

)
b,

= Skb.

As the bias does not play a role in the covariance, Pk |k, the proof is concluded.

The matrix Sk can be interpreted as the projection of the constant bias vector, b, into the state estimate at time
tk. From the form given in (9), Sk is a weighted combination of the Kalman gains used at each measurement in
the observation history.

To illustrate the distribution of state estimation errors with a biased sensor, an example is now shown using
a sensor that observes a target undergoing constant velocity motion. The target state, xk, is explicitly defined
as

xk =


x
y
z
ẋ
ẏ
ż

 ,

where x, y, and z are the position coordinates of the target in a Cartesian coordinate system, and ẋ, ẏ, ż are
the respective time derivatives, i.e., velocities. In this case, the state transition matrix, ΦΦΦk,k−1, is given by

ΦΦΦk,k−1 =


1 0 0 ∆k 0 0
0 1 0 0 ∆k 0
0 0 1 0 0 ∆k

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ,
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where ∆k = tk − tk−1. The sensor makes position measurements every 0.5 sec directly in the Cartesian space in
which the target dynamics are defined. The measurement error standard deviations are 1m in the x dimension,
100m in the y dimension, and 100m in the z dimension. The measurement matrix, Hk, can be written as

Hk =

 1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

 .

Note that the form of Hk implies that only the position dimension of the target state is observed. Also, the
measurement matrix is constant with respect to time; later, this will be seen to have consequences in how the
measurement bias affects the estimation error. The measurement bias, bk, is a constant bias injected directly
(i.e., Gk = I) with shifts of 200 m, 50 m, and -50 m in the x, y, and z dimensions, respectively. The process
noise covariance, Qk, is of the form13

Qk = q

[
1
3∆

3
kI

1
2∆

2
kI

1
2∆

2
kI ∆kI

]
,

where q = 0.001 m2/s3 is the power spectral density of the process noise.
Figure 1 shows the state estimation error resulting from running a Kalman filter on 20 Monte Carlo trials of

random measurements. Additionally, the mean and standard deviation of the error as described in (6) and (7)
are also shown. As can be observed, the mean and covariance in (6) and (7) match well with the distribution
of the errors from the different Monte Carlo trials. Further, the effect of the bias can be clearly observed in the
position errors of the state estimates; due to the constant, linear dynamics and measurements, the velocity errors
are not evidently affected by the constant position bias. This will notably change in the presence of nonlinear
and/or time-dependent measurement mappings.

(a) Position error in x-dimension. (b) Velocity error in x-dimension.
Figure 1: State estimation error (for 20 Monte Carlo runs) in the x dimension of a Cartesian coordinate system.
Solid black lines show the mean, mk from (6), and dashed black lines show the standard deviation in that
dimension, obtained from the covariance Ck in (7).

2.2 Stochastic Bias
Up until now, the bias was assumed to be an unknown, deterministic quantity; thus, the error statistics can be
seen as a function of a variable bias. However, it would also be of interest to derive error statistics when the bias
can be described by a stochastic process. An appreciable distinction to the unknown, deterministic bias case is
that the expected value used in the derivation of the error moments also includes the probability distribution of
the bias. The following theorem produces the error statistics for a stochastic bias:

Theorem 2. Let the bias, bk, be a wide-sense-stationary Gaussian stochastic process14 with constant mean,
E[bk] = u, and autocovariance given for all k as V` = E

[
bkb

T
k+`

]
. Also, it is assumed that the bias is drawn
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independently of the measurement noise process, wk. Then, the estimation error mean and covariance for a
linear system can be expressed as

mk = Sku, (10)
Ck = Bk +Pk |k, (11)

where Sk is as defined in Corollary 1 and

Bk =

k∑
i=1

k∑
j=1

ΛΛΛk
iKiGiVj−i

(
ΛΛΛk

jKjGj

)T
. (12)

Proof. In this case, the mean of the error statistics can now be written as

mk = E

[
k∑

i=1

ΛΛΛk
iKiGibi

]
,

=

k∑
i=1

ΛΛΛk
iKiGiE [bi] ,

= Sku.

Now, the estimation error covariance can be derived as

Ck = E
[((

x̂k |k − ŷk |k
)
+
(
ŷk |k − xk

)) ((
x̂k |k − ŷk |k

)
+
(
ŷk |k − xk

))T ]
,

= E
[(
x̂k |k − ŷk |k

) (
x̂k |k − ŷk |k

)T ]
+Pk |k, (13)

due to the independence of the measurement noise, wk, and bias, bk. Plugging (35) from Appendix A into (13),
the result in (11) is obtained.

The matrix, Bk, is the effective inflation in covariance due to the presence of bias; for largely varying or highly
correlated biases, this term can become the predominant factor in the total error covariance.

As with an unknown, deterministic bias, the error statistics for a stochastic bias can be simplified in the case
of a constant bias; this is given in the following corollary:

Corollary 2. If the bias is also constant, i.e., bk = b, the estimation error mean and covariance expressions
from Theorem 2 can be simplified as

mk = Sku,

Ck = SkVST
k +Pk |k, (14)

where Sk is as defined in Corollary 1 and V = E
[
bbT

]
.

Proof. In the case of a constant bias, the autocovariance function, V`, no longer depends on the lag parameter,
`. Thus, letting V` = V in the expression for Bk in (12), one obtains the result in (14).

To illustrate the effects of a random bias on the error statistics, the example in Figure 1 is now briefly
revisited. Now, for each Monte Carlo trial, the bias is drawn from a known distribution. In Figure 2, the effect
of a random bias on state estimation error is shown for the linear system presented originally in Figure 1. For
this case, the bias is constant and drawn from a Gaussian distribution with covariance,

V =

 2002 0 0
0 502 0
0 0 502

 ,
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where the dimensions are x (meters), y (meters), z (meters), respectively. It can be observed in Figure 2 that the
random bias manifests itself as a random positional shift that remains constant over time. Further, the velocity
error in Figure 2b is not affected by a random bias as it appears to have the same behavior as in Figure 1b;
intuitively, this stems from the net effect of the bias being a constant translational shift over time, which does
not alter positional derivatives, e.g., velocity, acceleration.

(a) Position error in x-dimension. (b) Velocity error in x-dimension.
Figure 2: State estimation error (for 50 Monte Carlo runs) in the x dimension of a Cartesian coordinate system.
Solid black lines show the mean, mk from (10), and dashed black lines show the standard deviation in that
dimension, obtained from the covariance Ck in (7).

3. BIAS-NAÏVE STATE ESTIMATION FOR NONLINEAR SYSTEMS
Many practical systems can only be described using nonlinear functions for the evolution of the state or the
mapping from the state space to the measurement space. Due to the nonlinearities, many interesting phenomena
can arise in how measurement bias manifests itself within the total estimation error. Accordingly, the focus of
this section is to extend the results of linear systems provided in Section 2 to suboptimal filtering for nonlinear
systems. The measurements of the target state are now expressed as

zk = hk (xk) +Gkbk +wk, (15)

where hk(·) is a known measurement function, Gk is a known mapping from bias space to measurement space, bk

is a time-varying measurement bias, and wk is additive measurement noise which is distributed as wk ∼ N (000,Rk).
Likewise, the target state evolves according to a discrete-time dynamic model given by

xk = φk,k−1 (xk−1) + vk, (16)

where φk,k−1 (·) is the state transition function from time tk−1 to time tk, and vk is additive process noise
distributed as vk ∼ N (000,Qk). The distribution of the initial state, x0, is Gaussian and known. Both the
measurement noise, wk, and process noise, vk, are independent from time instance to time instance and of each
other.

As with the linear system, the bias-naïve estimator is constructed by assuming that the bias term in (15)
is negligible, i.e., Gkbk = 000. In this case, the system described in (15) and (16) is nonlinear with Gaussian
noise inputs. Due to its ubiquity, the suboptimal estimator considered in this paper is the extended Kalman
filter13 (EKF); the state estimate, x̂k |k, and state estimate covariance, Pk |k, of the bias-naïve estimator follow
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the equations

x̂k |k−1 = φk,k−1

(
x̂k−1 |k−1

)
, (17a)

Pk |k−1 = ΦΦΦk,k−1Pk−1 |k−1ΦΦΦ
T
k,k−1 +Qk, (17b)

x̂k |k = x̂k |k−1 +Kk

(
zk − hk

(
x̂k |k−1

))
, (17c)

Pk |k = (I−KkHk)Pk |k−1, (17d)

Kk = Pk |k−1H
T
k

(
HkPk |k−1H

T
k +Rk

)−1
, (17e)

where

ΦΦΦk,k−1 =
∂

∂x
φk,k−1 (x)

∣∣∣∣
x= x̂k−1 | k−1

, (18)

Hk =
∂

∂x
hk (x)

∣∣∣∣
x= x̂k | k−1

. (19)

The matrices in (18) and (19) are the Jacobians for the state transition and measurement functions, respectively.
The Jacobians for the state transition and measurement functions play a key role in the results to follow. In

fact, the error statistics for nonlinear systems will appear identical to that of linear systems; however, the ability to
express the error distributions as linear functions of the bias requires first order Taylor series approximations—a
common approach to dealing with system nonlinearities. These approximations manifest themselves by replacing
the measurement matrix, Hk, and state transition matrix, ΦΦΦk,k−1, from linear systems with their Jacobian
counterparts.

Something else worth noting is the choice of Jacobian used for the approximation. A critical degree of free-
dom when using linearization techniques is the point around which a function is linearized. Some commonsense
choices for this application include the current unbiased track state, the current biased track state, the true state,
or a mixture of the three. Alternatively, one could also use different linearization points for each instance of a
nonlinear mapping within the error derivation. To simplify the results and allow for possible online estimation of
error statistics, the current biased track state is used for the point of linearization. For systems with extremely
large biases and/or highly nonlinear functions, this choice may prove inadequate and, possibly, higher order ap-
proximations are necessary. However, the results shown later demonstrate the efficacy of the chosen linearization
as the error statistics derived predict the true error behavior very closely.

To see how linearization is incorporated into the previous results for linear systems, the error statistics for
an unknown, deterministic bias in a nonlinear system are now given.

Theorem 3. The estimation error mean and covariance with an unknown, deterministic bias, bk, can be
approximated for a nonlinear system as

mk =

k∑
i=1

ΛΛΛk
iKiGibi, (20)

Ck = Pk |k, (21)

where

ΛΛΛk
i =


k∏

j=i+1

(I−KjHj)ΦΦΦj,j−1, i < k

I, i = k,

and ΦΦΦk,k−1 and Hk are defined in (18) and (19), respectively. Additionally, the mean and covariance obey the
following recursive relations:

mk = (I−KkHk)ΦΦΦk,k−1mk−1 +KkGkbk,

Ck = (I−KkHk)
(
ΦΦΦk,k−1Ck−1ΦΦΦ

T
k,k−1 +Qk

)
.
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The proof of Theorem 3 is given in Appendix B. Simplification of the error statistic expressions from a time-
invariant bias is described in the follow corollary.

Corollary 3. If the bias is also constant, i.e., bk = b, the estimation error mean and covariance given in
Theorem 3 can be simplified as

mk = Skb,

Ck = Pk |k, (22)

where

Sk =
k∑

i=1

ΛΛΛk
iKiGi,

and ΛΛΛk
i is as defined in Theorem 3. Further, the matrices, Sk, satisfy the following:

Sk = (I−KkHk)ΦΦΦk,k−1Sk−1 +Kk.

Proof. Result follows from proof of Corollary 1.

To demonstrate the behavior of state estimation error using a biased sensor with nonlinear measurements, an
example is now given. More specifically, a sensor with measurements similar to a phased array radar15 is used to
estimate the state of a ballistic target. The state transition function, φk,k−1(xk−1), is obtained by numerically
integrating a ballistic model16 previously provided. The measurements are taken in range-projection space (also
known as RUV space) with standard deviations of 1 m, 1 msin, and 1 msin in the range, u, and v dimensions,
respectively. The measurement function (conversion to range-projection space) can be summarized as

hk (xk) =


√
x2 + y2 + z2

x√
x2+y2+z2

y√
x2+y2+z2

 ,

where x, y, and z are components in a sensor-centered Cartesian coordinate system, and the output dimensions
are the range, u, and v dimensions, respectively. The measurement bias is constant (i.e., Gk = I) with shifts of
10 m, 500 usin, and -500 usin in the range, u, and v dimensions, respectively. The process noise covariance is
defined by the continuous time process noise covariance, Q(t), given as

Q(t) = q


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ,

where, as in the linear system, q = 0.001 m2/s3 is the power spectral density of the process noise. The state
estimate covariance is now obtained via numerical integration from time step to time step.

Similar to the previous example with a linear system, Figure 3 shows the behavior of the state estimation
errors using bias-naïve filtering. It can be seen that despite the measurement and dynamics both being described
using nonlinear functions, the error statistics still follow closely the mean and covariance expressions in (6) and
(7). However, there is one main difference from the linear case—the mean of the error in both position and
velocity changes with time even though the bias that is injected is constant. This is due to the varying effect of
the nonlinear measurement mapping depending on sensor-target geometry.
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(a) Position error in x-dimension. (b) Velocity error in x-dimension.
Figure 3: State estimation error (for 20 Monte Carlo runs) in the x dimension of Earth-centered rotating (ECR)
coordinate system. Solid black lines show the mean, mk from (20), and dashed black lines show the standard
deviation in that dimension, obtained from the covariance Ck in (21).

3.1 Stochastic Bias
Similar to the discussion on linear systems, the error statistics for a stochastic bias in a nonlinear system are
now studied.

Theorem 4. Let the bias, bk, be a wide-sense-stationary Gaussian stochastic process14 with constant mean,
E[bk] = u, and autocovariance given for all k as V` = E

[
bkb

T
k+`

]
. Also, it is assumed that the bias is drawn

independently of the measurement noise process, wk. Then, the estimation error mean and covariance for a
nonlinear system can be approximated as

mk = Sku, (23)
Ck = Bk +Pk |k, (24)

where ΛΛΛk
i is as defined in Theorem 3 and

Bk =

k∑
i=1

k∑
j=1

ΛΛΛk
iKiGiVj−i

(
ΛΛΛk

jKjGj

)T
.

Proof. Result follows from proof of Theorem 2.

As with an unknown, deterministic bias, the error statistics for a stochastic bias can be simplified in the case of
a constant bias; this is given in the following corollary:

Corollary 4. If the bias is also constant, i.e., bk = b, the estimation error mean and covariance given in
Theorem 4 can be simplified as

mk = Sku,

Ck = SkVST
k +Pk |k, (25)

where Sk is as defined in Corollary 3 and V = E
[
bbT

]
.

Proof. Result follows from proof of Corollary 2.
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In Figure 4, a random bias is now injected into the nonlinear system (i.e., ballistic motion, ranging measure-
ments) used for the results in Figure 3. For this example, the bias is drawn from a Gaussian with covariance

V =

 102 0 0
0 0.000252 0
0 0 0.000252

 ,

where the dimensions are range (meters), u (sin), v (sin), respectively. The behavior of the state estimation error
is markedly different from the error trajectories in Figure 3. In Figure 4, the error covariance is dominated by
the inclusion of the bias term, SkVST

k .

(a) Position error in x-dimension. (b) Velocity error in x-dimension.
Figure 4: State estimation error (for 50 Monte Carlo runs) in the x dimension of Earth-centered rotating (ECR)
coordinate system. Solid black lines show the mean, mk from (23), and dashed black lines show the standard
deviation in that dimension, obtained from the covariance Ck in (21).

4. BIAS SIGNIFICANCE
As mentioned in the introduction, it is of primary interest to develop a measure of the relative impact that
measurement bias plays in the resultant estimation error. To address this, the concept of bias significance is now
given. Let the total bias significance, λk, of an estimator for an unknown, deterministic bias be defined as the
Mahalanobis distance17 between the assumed error distribution and the true error distribution. The Mahalanobis
distance, d, between two distributions with means ma and mb and covariances Ca and Cb is defined as

d =

√
(ma −mb)

T
(Ca +Cb)

−1
(ma −mb).

Now, the assumed estimation error distribution for the bias-naïve estimator is N
(
000,Pk |k

)
, while its true error

distribution is N (mk,Ck) from (6) and (7). With those distributions, the total bias significance at time k can
be calculated as

λk =

√
(mk − 000)

T (
Pk |k +Pk |k

)−1
(mk − 000),

=

√
mT

kP
−1
k |kmk

2
. (26)

Note that if the bias is identically zero, then, using (6), the true estimation error mean is zero, mk = 000, and the
bias significance is zero, λk = 0. Further, one can separate the contributions from state components by looking
at the significance in a subset of state dimensions, e.g., position, velocity.

In Figure 5, the bias significance for the linear and nonlinear systems presented in Sections 2 and 3 are
given. For the linear system, the total significance is high, meaning that the presence of bias causes a large
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deviation in the expected error distribution. However, it can be seen by analyzing the significance in position
and velocity separately that the position plays the dominant role in the total bias significance. This is due to the
fact that the bias is constant and injected into the position dimensions of the measurement. A negligible amount
of velocity error is due to cross-correlation between position and velocity in the initial state estimate. Looking
at the nonlinear system, a similar trend can be observed. The total significance in Figure 5b is large due to the
high position error incurred by the bias. However, a major difference between the linear and nonlinear systems
is that the velocity significance is no longer negligible in the nonlinear system. This is due to the velocity errors
incurred by the fact that, even though the measurement bias is constant, the measurement Jacobian changes
over the course of the observations.

To see the variation of the bias significance with a stochastic bias, significance trajectories are plotted for a
set of Monte Carlo trials (over measurement noise and bias) in Figure 6. It can be seen that the total, position,
and velocity significance can vary dramatically based on bias realization.

(a) Significance for linear system. (b) Significance for nonlinear system.
Figure 5: Bias significance for deterministic, unknown bias.

For a stochastic bias, the average squared value of the significance can be obtained in closed form. This can
be shown by first noting the following:

E
[
λ2
k

]
=

1

2
E
[
mT

kP
−1
k |kmk

]
,

=
1

2
E
[
mT

kL
−T
k L−1

k mk

]
,

=
1

2
E
[
tr
(
L−1
k mkm

T
kL

−T
k

)]
,

=
1

2
tr
(
L−1
k E

[
mkm

T
k

]
L−T
k

)
,

where Lk is from the Cholesky decomposition18 of Pk |k such that Pk |k = LkL
T
k . Finally, using the form of the

estimation error mean from (6), the average squared value of the significance can be expressed as

E
[
λ2
k

]
=

1

2
tr
(
L−1
k BkL

−T
k

)
, (27)

where Bk is as defined for linear systems in Theorem 2 and nonlinear systems in Theorem 4. Further, if the bias
is constant, i.e., bk = b and V = E

[
bbT

]
, then (27) can be simplified to

E
[
λ2
k

]
=

1

2
tr
(
L−1
k SkVST

kL
−T
k

)
, (28)

where Sk is defined above in Corollary 4. In Figure 7, the expression for the mean squared significance in (28)
is compared against the Monte Carlo trials in Figure 6b.
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(a) Significance for linear system. (b) Significance for nonlinear system.

(c) Position significance for linear system. (d) Position significance for nonlinear system.

(e) Velocity significance for linear system. (f) Velocity significance for nonlinear system.
Figure 6: Bias significance for stochastic bias.

5. CONCLUSIONS
In this work, several expressions were derived for the mean and covariance of the estimation error of a bias-naïve
estimator for both linear and nonlinear systems and deterministic and stochastic measurement biases. These
results should prove useful in quickly examining the impact of bias on state estimation error for a fixed trajectory.
Additionally, a measure of the relative importance of measurement bias is provided to allow for the quantification
of deviations in assumed error statistics caused by measurement bias.

Simulation results were presented that illustrated the efficacy of the mean and covariance formulae and also
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Figure 7: Squared bias significance for stochastic bias with expected value. Significance trajectories for 50 Monte
Carlo trials are shown in red; expected value from (28) is shown in black.

illustrated notable phenomena in the estimation error of nonlinear systems. Specifically, a constant measurement
bias injected into a nonlinear system can lead to appreciable velocity error biases that need to be considered
in filter design. In future work, some topics to be studied are asymptotic behavior of estimation error and the
incorporation of target maneuvers and dynamic model mismatch.

APPENDIX A. PROOF OF THEOREM 1
To aid in the decomposition of the mean and covariance of the state estimation error, it is possible to introduce
the bias-free estimator ŷk |k that has access to the unbiased measurements z̃k = zk − Gkbk. Note that ŷk |k
obeys the same set of equations, (3), except zk is replaced with z̃k. In this case, one can rewrite (4) as

mk = E
[
x̂k |k + (−ŷk |k + ŷk |k)− xk

]
,

= E
[
x̂k |k − ŷk |k

]
+ E

[
ŷk |k − xk

]
, (29)

= E
[
x̂k |k − ŷk |k

]
. (30)

Note that the term E
[
ŷk |k − xk

]
in (29) vanishes as ŷ0 |0 = E[x0] and for k = 1

E
[
ŷ1 |1 − x1

]
= E

[
(I−K1H1)

(
ΦΦΦ1,0ŷ0 |0 − x0

)
+K1w1

]
,

= (I−K1H1)
(
ΦΦΦ1,0ŷ0 |0 − E [x0]

)
+K1E [w1] ,

= 000.

If it is assumed that E
[
ŷk−1 |k−1 − xk−1

]
= 000, then

E
[
ŷk |k − xk

]
= E

[
(I−KkHk)

(
ΦΦΦk,k−1ŷk−1 |k−1 − xk

)
+Kkwk

]
,

= (I−KkHk)
(
ΦΦΦk,k−1E

[
ŷk−1 |k−1

]
− E [xk]

)
+KkE [wk] ,

= 000.

Likewise, the covariance in (5) can be observed to be

Ck = E
[(
x̂k |k + (−ŷk |k + ŷk |k)− xk −mk

) (
x̂k |k + (−ŷk |k + ŷk |k)− xk −mk

)T ]
,

= E
[((

x̂k |k − ŷk |k
)
+
(
ŷk |k − xk

)
−mk

) ((
x̂k |k − ŷk |k

)
+
(
ŷk |k − xk

)
−mk

)T ]
. (31)
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The terms in (30) and (31) can be calculated as

x̂k |k − xk = x̂k |k−1 +Kk

(
Hkxk +Gkbk +wk −Hkx̂k |k−1

)
− xk,

= x̂k |k−1 − xk +Kk

(
Hkxk −Hkx̂k |k−1

)
+Kk (Gkbk +wk) ,

ŷk |k − xk = ŷk |k−1 +Kk

(
Hkxk +wk −Hkŷk |k−1

)
− xk,

= ŷk |k−1 − xk +Kk

(
Hkxk −Hkŷk |k−1

)
+Kkwk,

x̂k |k − ŷk |k = (I−KkHk)
(
x̂k |k−1 − ŷk |k−1

)
+KkGkbk, (32)

Rewriting (32) in terms of past state estimates, one obtains

x̂k |k − ŷk |k = (I−KkHk)
(
ΦΦΦk,k−1x̂k−1 |k−1 −ΦΦΦk,k−1ŷk−1 |k−1

)
+KkGkbk. (33)

The state estimate difference in (33) can now be expressed as

x̂k |k − ŷk |k = (I−KkHk)ΦΦΦk,k−1

(
x̂k−1 |k−1 − ŷk−1 |k−1

)
+KkGkbk. (34)

Starting the recursion in (34), it can be observed that the initial state estimate difference is

x̂1 |1 − ŷ1 |1 = (I−K1H1)ΦΦΦ1,0

(
x̂0 |0 − ŷ0 |0

)
+K1G1b1,

= K1G1b1,

since x̂0 |0 = ŷ0 |0 = E [x0]. Continuing on to the next time step,

x̂2 |2 − ŷ2 |2 = (I−K2H2)ΦΦΦ2,1

(
x̂1 |1 − ŷ1 |1

)
+K2G2b2,

= (I−K2H2)ΦΦΦ2,1K1G1b1 +K2G2b2.

Finally, taking the recursion to the kth time step, one can write

x̂k |k − ŷk |k =

k∑
i=1

ΛΛΛk
iKiGibi. (35)

Thus, using (35) and the fact that bk is an unknown, deterministic value, the mean and covariance of the state
estimation error can be simplified as

mk =
k∑

i=1

ΛΛΛk
iKiGibi, (36)

Ck = E
[(
ŷk |k − xk

) (
ŷk |k − xk

)T ]
,

= Pk |k, (37)

where Pk |k is the error covariance of the estimator with unbiased measurements, ŷk |k.

APPENDIX B. PROOF OF THEOREM 3
To begin, the terms in (30) and (31) are examined. However, it should be noted that due to the nonlinearities
in the measurement and state transition functions, the expected value of the unbiased track state error can no
longer be proven to be identically zero, i.e., E

[
ŷk |k − xk

]
6= 000; this is due to typically small perturbations that

arise from the initial state estimate error propagating through the suboptimal filter. However, in most cases, this
term will provide negligible contribution to the error after a few measurements and is therefore ignored. With
this, the terms in the mean and covariance expressions in (30) and (31) are

x̂k |k − xk = x̂k |k−1 +Kk

(
hk (xk) +Gkbk +wk − hk

(
x̂k |k−1

))
− xk,

= x̂k |k−1 − xk +Kk

(
hk (xk)− hk

(
x̂k |k−1

))
+Kk (Gkbk +wk) ,

ŷk |k − xk = ŷk |k−1 +Kk

(
hk (xk) +wk − hk

(
ŷk |k−1

))
− xk,

= ŷk |k−1 − xk +Kk

(
hk (xk)− hk

(
ŷk |k−1

))
+Kkwk,

x̂k |k − ŷk |k = x̂k |k−1 − ŷk |k−1 −Kk

(
hk

(
x̂k |k−1

)
− hk

(
ŷk |k−1

))
+KkGkbk. (38)
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To continue, the first of two linearization steps is taken—replacement of the measurement function, hk(·), using
its first-order Taylor series approximation around the current biased track state. Specifically, the following
replacement is made:

hk

(
x̂k |k−1

)
− hk

(
ŷk |k−1

)
≈ Hkx̂k |k−1 −Hkŷk |k−1, (39)

where Hk is as defined in (19). Using (39) in (32), the state estimate difference can now be written as

x̂k |k − ŷk |k = (I−KkHk)
(
x̂k |k−1 − ŷk |k−1

)
+KkGkbk. (40)

Rewriting (40) in terms of past state estimates, one obtains

x̂k |k − ŷk |k = (I−KkHk)
(
φk,k−1

(
x̂k−1 |k−1

)
− φk,k−1

(
ŷk−1 |k−1

))
+KkGkbk. (41)

Similar to the linearization step taken with the measurement function, the state transition function, φk,k−1 (·),
will now be replaced with its first-order Taylor series approximation around the previous biased track state such
that

φk,k−1

(
x̂k |k−1

)
− φk,k−1

(
ŷk |k−1

)
≈ ΦΦΦk,k−1x̂k |k−1 −ΦΦΦk,k−1ŷk |k−1,

where ΦΦΦk,k−1 is as defined in (18). The state estimate difference in (41) can now be expressed as

x̂k |k − ŷk |k = (I−KkHk)ΦΦΦk,k−1

(
x̂k−1 |k−1 − ŷk−1 |k−1

)
+KkGkbk. (42)

The rest of the proof follows from the proof of Theorem 1, starting with (34).
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