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Abstract—Many commercial and defense applications involve
multisensor, multitarget tracking, requiring the fusion of infor-
mation from a set of sensors. An interesting use case occurs when
data available at a central node (due to geometric diversity or
retrodiction) allows for the tailoring of state estimation for a
target. For instance, if a target is initially tracked with a ma-
neuvering target filter, yet the target is clearly not maneuvering
in retrospect, it would be beneficial at the fusion node to refilter
that data with a non-maneuvering target filter. If measurements
can be shared to the central node, the refiltering process can be
accomplished by simply passing source measurements through an
updated state estimation process. It is often the case for large,
distributed systems, however, that only track information can
be passed to a fusion center. In this circumstance, refiltering
data becomes less straightforward as track states are linearly
dependent across time, and the correlation needs to be properly
accounted for before/during refiltering. In this work, a model-
based temporal decorrelation process for state estimates with
process noise will be studied. A decorrelation procedure will
be presented based on a linear algebraic formulation of the
problem, and process noise estimates will be created that ensure
a conservative system state estimate. Numerical examples will be
given to demonstrate the efficacy of the proposed algorithm.

I. INTRODUCTION

It is often advantageous to combine information from multi-
ple sensors when tracking a scene with multiple targets. Fusion
of multisensor data can greatly improve track accuracy by
providing geometric diversity. For smaller sensor networks or
circumstances where information exchange is not constrained,
this is often approached by sharing measurement-level data,
performing data association, and filtering using all sensor con-
tributions. In many realistic situations, however, full sharing
of measurements can be impractical due to number of sensors,
geographic span of sensor network, or communications limi-
tations. To reduce the amount of data transmitted, track states
are sent to a central node for combination. Before any filtering
of sensor data can be performed, the gathered track states have
to be processed to deal with their correlation both in time and
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across sensors [1], [2]. A comparison of measurement-based
and track-based architectures is shown in Figure 1.
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Fig. 1: Multisensor tracking architectures.

A major benefit of combining information over time and
sensors is the ability to disambiguate the history of a track
scene, i.e., retrodiction, through revised data association or
more appropriate filter choices. For example, many real-time
trackers that are used to control sensors employ process
noise to be able to maintain custody on targets throughout
unpredictable maneuvers. Upon acquiring a set of data, it may
be clear that the target (via fitting or filtering metrics) was not
maneuvering over the observed time span. In this case, the
previous data history can be refiltered to create a tailored state
estimate over the past data; this will ideally create an improved
state estimate over the history and up to the current time.
(Note that a tailored state estimate could also be approached
via a multiple model filter [3], [4]; however, these can still
experience lag as compared to the benefit of hindsight in
retrodiction and/or can be used in concert with retrodiction.)
The major hurdle encountered with refiltering scene histories
in many systems is a preliminary requirement of decorrelating
the track information from the source sensors—this is the main
focus of this paper. More specifically, the scope of this work is
the investigation of temporal decorrelation of state estimates
from a single source sensor to enable refiltering at a fusion
node. It is assumed that the local measurement model is not
known to the fusion node, but some aspects of the process
noise model are available (discussed below).

Temporal decorrelation approaches can vary depending on
the filtering assumptions, e.g., noise models, bias models, and
how much information is known about the source sensors, e.g.,
measurement model. If the observed targets undergo ballistic
or other deterministic motion, the filtering at the sensors
do not require process noise. In this case, decorrelation of



track states both across time and sensors was studied in [5]-
[7]. In practical applications, some level of process noise is
typically required in tracking algorithms to compensate for
potential maneuvers, unmodeled dynamics, or residual sensor
measurement errors. The presence of process noise precludes
the use of the methods in [5]-[7] as it violates their founding
assumptions and would generate decorrelated information with
invalid covariances. To address this, this work proposes a
decorrelation method that can account for process noise used
in the inputted state estimates, whether the true process noise
model is known at the central node or requires conservative
estimation.

The approach taken to develop the new decorrelation tech-
nique is similar to [8], which first takes a linear algebraic
perspective to form effective measurement information from
the incoming state estimates before passing to any filtering or
fusion algorithms. However, to remove any need for know-
ing measurement mapping information from each constituent
sensor, measurement reconstruction for the purposes of this
work is constrained to exist in a common state space; this
allows for a common decorrelation framework and enables
the estimation of effective process noise at the central node.
(Note that this is similar to the construction of a global
information gain [2].) Thus, the main contribution of this work
is to extend a measurement reconstruction methodology that
exploits a common state space used at the fusion node and then
construct a procedure for conservatively estimating process
noise parameters used at contributing sensors. The effective
measurement information with estimated process noise will
then be used to perform refiltering of previous track data.

The paper is organized as follows. In Section II, the formula-
tion of effective measurement information from track states in
a common state space is discussed, including the treatment of
process noise used in a constituent sensor’s filtering algorithm.
Next, the case of unknown process noise is investigated in
Section III, and a method of conservatively estimating process
noise model parameters is given. To demonstrate the utility of
the measurement reconstruction and process noise estimation
techniques, simulations using a phased array radar model
and ballistic target are given in Section IV. Finally, overall
conclusions and desired next steps are discussed in Section V.

II. STATE SPACE EQUIVALENT MEASUREMENTS

To begin, consider a sensor observing a target while estimat-
ing the target’s kinematic state. The discrete-time kinematic
state of the target x;, € RV evolves according to the following
plant equation:

Xp = f(Xp—1) + Vi—1,

where f(-) is a known dynamics function from time k — 1 to
time k, and v_ is additive process noise. The process noise,
Vi_1, is assumed to be white and Gaussian distributed such
that vi_; ~ N'(0,Qy_1). The measurements, z, € RM, at
the sensor are of the form

zi, = h(Xy) + Wy,

where h(-) is a measurement function known to the sensor
and wj, is measurement noise. The measurement noise, wy,,

is assumed to be white, independent of the process noise, and
Gaussian distributed such that wj ~ N(0, Ry).

Due to the potential nonlinearity of the dynamics and
measurement functions, it is assumed that the sensor employs
an extended Kalman filter [9] to track the kinematic state of
the target. In this case, the target state estimate at time k£ given
the data up until time k, Xy, and its covariance, Py, evolve
according to the following equations:

Xijh—1 =S (Re—115-1) » (1a)
Pijp—1=FiPr_1 51 FL + Qi1, (1b)
Xpk = Xp k-1 + Kk (21 — h (Xgp—1)),  (lo)
Piik =Pyt — KiSeKJ, (1d)
Ky =Py HS !, (le)

Si = HyPy 1 H] + Ry (1f)

where F; and Hj are Jacobians of the dynamics and mea-
surement functions such that

0

Fp=—f(x) :
Ox X=Xp_1|k-1
0

Hk = aixh (X) x:ﬁklk_l

Now, at the fusion node, the sensor’s state estimates and
covariances at each time instance, X, |, and Py, are obtained.
The measurement model given by the measurement matrices,
H,, and measurement covariance matrices, R, are assumed
to be unavailable to the fusion node, however. The dynamic
model (and thus the matrices Fj) are assumed to be known
to the fusion node.

In many cases, filtering may want to be performed again
at a central data node using a different set of parameters,
e.g., process noise, measurement noise; however, as the central
node only has access to the state estimates and covariances
from each sensor, this introduces the nuisance of reverse
engineering effective measurement data from the history of
state estimates [8] (sometimes also called the construction
of pseudomeasurements). In order to accomplish this, it is
desired to obtain quantities unknown to the fusion node, i.e.,
Kalman gain, measurement vector and covariance, in terms
of the known state estimates and covariances. To begin, one
can first analyze further the filter equations in (1). Using the
matrix inversion lemma [10], the covariance update equation
(1d) can be rewritten in terms of inverses [9] as

1 ~1
Pk =Py T

T -1
H, R, Hy.
Thus, the measurement covariance, R; and measurement
matrix, Hy, satisfy the following equation in terms of the
propagated past and present state covariances:
Th-111. _ p-1 -1

H, R, Hk-Pk\k_PMkfl' 2)
Note that the term H} R, 'H}, is often called the information
gain as it is the change from the propagated covariance to the
updated covariance. The information gain will be denoted as
Ji such that

J. =H[R, 'H,.



Continuing, the covariance update equation (1d) can also be
rewritten as

Pijp = (In — KpHy) Prjj_y. 3)

where I, is an n X n identity matrix. Using the nonsingu-
larity of the covariance Pk‘k,l, the Kalman gain, Kj, and
measurement matrix, Hy, obey

KiHy, = Iy —PypP . “)
Finally, the state update equation (Ic) can be expressed as
Xilk = Xpk—1 + Ki (ze — b (Xgjr-1)) ,
= Xy k-1 — Kih (Rpp-1) + Kz, 5)
Rearranging (5), one obtains
Kizp = Xpjp — Xppjp—1 + Kih (Rpjp-1) - (6)
In summary, the three following equations are of interest:

H/R, 'H, =P, - P!

K|k klk—1°
“1
KiHy = Iy = PrpPy s

Kz = X — Xpe o1 + Kih (X 5-1) »

where Py ,—; implicitly depends on Fj, Qg_1, and
Pj_1|k—1 as in (1b).

Assuming, for now, that the dynamics function, f(-), and
the process noise covariances, Qx_1, are known, the only
unknowns in the equations above are zj;, Ry, Kj, and Hy.
In fact, the equations above only specify a subspace of the
unknowns; it can be observed that the solutions for R and
H,, are not unique. This makes intuitive sense as it is possible
for two different measurement mechanisms with appropriate
uncertainties to garner the same information from the target
state. However, the original mapping from target space to
measurement space is not of necessity to a central node.
Instead, it is possible to solve the equations for the equivalent
measurement (or gain in information) in the same space as
the target state—these reconstructed measurements will now
be referred to as state space equivalent measurements (SSEM).

To form the set of SSEM, the initial step is to assume a
measurement function of the form

h (Xk) = Hka, (7)

where
Hy, = [Tn Onrx(v—nr)] - (®)

where M denotes the dimension of the measurements and
0,,x» 1S an m X n matrix of zeros. Note that the dimension
of the measurement, M, may not be known by the fusion
node but can be estimated using numerical methods; this
is, however, beyond the scope of this paper. Using (7), the
equation (2) can be simplified as

R;' Onrx (N—11)

=P; - P} ©)
ONn—myxnm ON—nryx(N—n1)

k|k Elk—1
where it is important to note that R,;l is the inverse of the
SSEM measurement covariance matrix, i.e., not the inverse of
the original measurement covariance matrix at the sensor.

Therefore, using (9), one can solve for the SSEM covariance
matrix, Ry. Similarly, the Kalman gain can be obtained by
noting that the equation (4) becomes

[Kk ONX(N—M)} =1Iy — Pk\kP;\lk—l'

Revisiting the measurement equation in (6) and substituting
the measurement function from (7), the following is true:

(10)

Kz = Xg|p — Xg -1 + Kieh (Xgr-1)
= Xpp — (Iv — KpHg) Xp -1,
(n

where (11) is a consequence of (3). Note that if M = N, then
K, is full rank, and z; can be found by using the inverse
of Kj. More commonly, however, not all state dimensions are
observed and, thus, M < N. In this circumstance, K, is a tall
matrix and (11) represents an overdetermined linear system.
Accordingly, z; can be found by using the Moore-Penrose
pseudoinverse of Kj, [10]. Therefore, in general,

z, = K| (fimk - Pk|kP,Z|1k_15<k|/c—1) )

N —1 N
=Xk = Pre Py 1 Xk k-1,

12)

where ()T is the Moore-Penrose pseudoinverse. There is
now a path to reconstructing the measurement covariance
matrix via (9), the Kalman gain matrix using (10), and the
equivalent measurement vector through (12); the complete
SSEM procedure is summarized in Lemma 1.

Lemma 1. Given a dynamics function, f(-), process noise
matrices, Qr_1, and the rank of the original measurements,
M, the state space equivalent measurements from a series of
state estimates and covariances can be derived by:
1) Construct propagated past state estimates, Xy |_1, and
covariances matrices, Py ,_1, by

Xiio-1 = f (Re—15-1) »
Pijp—1=FiPyr_1 51 FL + Qi1,

2) Obtain the inverse measurement covariance matrices,

R,;l, using
[ R; ' O (N—n1) ] _p-l _p-t
0(N—M)><M O(N—M)x(N—M) klk klk—17

3) Calculate the Kalman gain matrices, Ky, with

(K Onw(n_nn] =In — Pk’lk’PI:|1k717

4) Create measurement vectors, zy, from
= K] (%gr — PrpPy_
Zp = K | Xg |k I RE g k—1Xk|k—1) -

Figure 2 shows an example of extracting SSEM from a set
of track states on a ballistic target; the SSEM are plotted
against the original measurements (converted into the state
space coordinate frame). Sensor measurements were taken
in range-direction-cosine coordinates (described in detail in
Section IV) and the state space is the Earth-centered rotation
coordinate system [11]. Note that, in this example, the process
noise model and its parameters are assumed to be known.
It can be observed that the SSEM agree closely with the
original detections. In the following sections, the complexity
of addressing unknown process noise parameters is discussed.
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Fig. 2: State space equivalent measurements derived from a set
of state estimates and covariances constructed using range-
direction-cosine measurements; measurements are displayed

along the z-axis of the target space, Earth-centered rotating
coordinates.

III. UNKNOWN PROCESS NOISE

To further generalize the procedure in Lemma 1, it is
now assumed that only limited structure of the process noise
covariances, Qy_1, is known, and the unknown aspects of the
process noise matrices must be estimated. As a conservative
measure, the process noise will be estimated in such a way
as to upper bound the true SSEM measurement covariance,
R, and, thus, construct a state estimate covariance that
encapsulates the true SSEM state covariance. It is assumed that
a parametric model of the process noise matrices Qy—1(0x—1)
is known to the fusion node,A but the parameter vector 0j_;
needs to be estimated; let @;_; denote the fusion node’s
estimate of the process noise parameter vector.

Given a process noise parameter vector, 8, the corresponding
SSEM information gain matrix is defined as

-1

Ju(0) =Py — (FiPr1jp1Fy, + Qe-1(6))

Accordingly, the SSEM measurement covariance matrix for a
given process noise parameter vector is

R.(0) = I, (0).

Now, let the estimated process noise parameters be obtained
using the following lemma:

Lemma 2. If the estimated process noise parameter vector, 0,
is chosen such that

3 (0') = 3y (é) -0, (13)

for all values of ' # 6, then Ry (9) = Ry (0) where 0 is
the true process noise parameter vector.
Proof. 1t is the goal to show that Ry, (9) = Ry (0); this is

equivalent to showing J (6) > Jyi (9) This statement fol-

lows from the definition of @ in the lemma as it is guaranteed
to satisfy J, (8") = Jy, (0) for all @’ # 8. O

Note that the approach proposed in Lemma 2 is similar to
applying a minimum encapsulating covariance methodology
across the inverse state covariance matrices [12]; in short, one
is obtaining the smallest information gain that satisfies the
matrix properties of the filtering equations (1). In the following
section, the procedure given in Lemma 2 for estimating the
process noise parameter vector is illustrated for a spherically-
distributed, white Gaussian process noise of unknown power
spectral density.

IV. NUMERICAL EXAMPLE

To illustrate the use of SSEM with process noise estimation,
a series of ballistic target tracking simulations will now be
exhibited. The discrete-time dynamic state, xj, is assumed
to be three-dimensional and contain the position and velocity
components, i.e., N = 6, such that

T,

Yk
X = ii ;
Uk
2k
where x, yr, 2;, are the three dimensions for position at the
k™™ time instance and i) denotes the first time derivative of
the first dimension.

For the assumed process noise model, a spherically-
distributed, white Gaussian process noise derived from a
continuous-time process is used. In this case, the process noise
is assumed to originate from a zero-mean vector signal, v(¢),
with autocovariance function given as

V(t,7)=F [v(t)vT 7)] ,
=n(t)o(t —1)A,

where 7(t) > 0 is the unknown variance parameter of the
process noise, 6(t) is the Dirac delta function, and

03x3 O3x3
A= .
[ 033 I3 }

Note that the identity matrix in A is mapping the process
noise into the acceleration dimension. Further, the variance
parameter, 7)(t), is assumed to be piecewise constant such that

7’](t) =1 for tp_1 <t < ty.

In this case, the process noise covariances, Qj_1, can be
written as [9]

th_1
Q,H:/ ®(ty_1,7)V(r,7)®" (tp_1,7)dr,

tp—2

th_1
:nk—1/ ®(ty_1,7)AD” (ty_q, 7)dr,

tr—2

= Np—1Br_1,



where

th—1
Bi_: :/ B(tp_1,7)AD" (tp_1,7)dr,
ti—2

is known to the fusion node as the dynamic model and, thus,
the state transition matrices, ®(¢, 7), are available. Finally, as
the instantaneous values of 7n;_; are unknown, the process
noise parameter vector is now a scalar given by 01 = ngp_1
and Qg—1(0k—1) = 60x—1Bk_1 where Bj_; is known. The
estimation procedure from Lemma 2 will be used to form the
estimate of 051, i.e., _1 is found via a line search to satisfy
(13).

For this example, the observed target is undergoing pure
ballistic motion and state measurements are obtained using a
radar-like model. More specifically, the measurements are in
range-direction-cosine (RUV) coordinates, commonly used as
the measurement basis for phased array radar systems. The
measurement function (i.e., conversion to RUV space) can be

summarized as

/Z‘2 + y2 + 22

oz
Va2+y2+22 5

y

V22 ty?+22
where z, y, and z are components in a sensor-centered
Cartesian coordinate system with the z-axis pointed toward
the target, and the output dimensions are the range, u, and v
dimensions, respectively. It can be observed that the measure-
ment dimension is M = 3.

The radar measurements are characterized by a covariance
matrix Ry of the form

h (Xk) =

a2 0 0
R, = 0 o2 0 |,
0 0 o2

v

where o,, 0., 0, are the standard deviations in the range,
u, and v dimensions, respectively. The measurement standard
deviation in range, o,, is given by

_c

0-7' - 2B\/ﬁ,

where c is the speed of light, B is the radar waveform
bandwidth, and p is the signal-to-noise ratio (SNR) [13]. The
SNR for a target at range r with radar cross-section (RCS) of
~ calculated relative to a reference SNR, pg, for a target at
range ro and radar cross-section of 7y as

7\ (ro)*
P = po () (*) .
7o r
Similarly, the measurement standard deviation in the v and v
dimensions, o, and o,, are assumed to be equal and given by

__¢

km+/p’
where ¢ is the 3-dB beamwidth of the radar and k., is the
angular error signal slope for the radar [13]. Note that the
scenario has been chosen to use low-to-moderate SNR, and,
therefore, limiting values at high SNR values for the uncer-
tainties are not imposed. More specifically, for this example,

Oy — Oy

the following values for the radar measurements have been
chosen:

o Radar bandwidth, B = 100 MHz

o Radar beamwidth, ¢ = 1 mrad

o Reference SNR, pg = 0 dB, for a target of radar cross

section 79 = 0 dBsm, at a range of ro = 2700 km

o Angular error slope, k,,, = 1.6
The ballistic trajectory originates from a notional location at
2° latitude, 5° longitude, and 0 m altitude. It is in flight for
700 seconds and then impacts at another notional point at 10°
latitude, 10° longitude, and 0 m altitude. The radar is location
at 0° latitude, 0° longitude, and 0 m altitude.

First, a simulation is provided to show using SSEM with es-
timated process noise can achieve comparable results to having
access to the original source sensor measurements. In Figure 3,
position and velocity error comparisons are given between two
different filtering mechanisms: (i) an EKF run on the original
radar measurements with white, spherically-distributed process
noise with power spectral density 7 = 0.01 m?/s3, and (ii) a
set of SSEM derived from the state estimates of (i) and then
passed through an EKF with the same process noise model as
(). It can be seen that both in position and velocity, the error
of both sets of state estimates agree very closely; there is only
a slight difference in the very beginning of the track while
the estimate is transitioning out of initialization. This shows
that despite the SSEM being created from only track state
information with estimated process noise, the filtered results
are extremely close to using the original measurements.

A case illustrating the benefits of refiltering source track
states at a fusion node with different process noise model
parameters than the originating source track filter is shown
in Figure 4; this example compares the following two filtering
results: (i) an EKF run on the original radar measurements
with white, spherically-distributed process noise with power
spectral density 7 = 0.01 m?/s? (i.e., the original source
tracks), and (ii) a set of SSEM derived from the original
track states run through an EKF with a much lower process
noise of 7 = 0.00001 m?/s? (i.e., the refiltered tracks at the
fusion node). In the figures, the main benefit of identifying
the true motion mode via retrodiction and refiltering can be
seen. By observing the absence of maneuvers over the course
of the trajectory and applying a lower process noise, the
refiltered estimate at the fusion node achieves significantly
higher position and velocity accuracy.

V. CONCLUSIONS AND FUTURE WORK

In this work, the temporal decorrelation of sequential state
estimates is studied to enable refiltering at a track fusion
node, where sensor measurement models and certain aspects
of process noise models are unknown to the fusion node.
The proposed technique is a generalization of the temporal
decorrelation techniques proposed in [5], [6] using effective
measurement reconstruction [8] and accounting for process
noise used in the inputted state estimates. Using this setup,
adaptation to unknown process noise is developed to ensure a
conservative state estimate at the central node. Results are then
given to show the efficacy of the reconstructed measurements
and process noise estimation.
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Fig. 3: Error comparison for two different filtering methods:
EKF using radar measurements and an EKF using SSEM and
estimated process noise. Both filters use a process noise power
spectral density of 7 = 0.01 m?/s3. Error is shown as solid
line, 1-o reported error is shown as dashed line.

To further extend the proposed methods, it is also a goal to
show that the repeated measurements between reported state
estimates can be accounted for in the decorrelation process.
This is important as track information is often reported to
a central node at a lower rate than the native measurement
rate. Using downsampled track states have been shown to
work empirically, with a similar trade-off incurred as tracklet
fusion with process noise and a mismatch in fusion and
measurement rates [14], i.e., as the fusion rate decreases
relative to measurement rate, an optimality gap is observed; a
formal discussion is desired for subsequent work.

Finally, the author would like to thank the reviewers for
their valuable input, which improved the paper and broadened
the relevant references.
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